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Abstract
The role of quantum well states (QWSs) and quantum well resonances (QWRs) in the stability
of metallic overlayers is studied. When the substrate presents a confining gap, as it is the case of
Cu(111), the stability is determined by QWSs and there is experimental evidence of the
existence of magic thicknesses. For overlayers which do not have QWSs, as those grown on
Al(111), we explore the existence of thicknesses of enhanced stability due to QWRs by
comparing the strength of the oscillations in the surface energy.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

It is well known that confinement of valence electrons in low-
dimensional systems has a strong influence on their physical
and chemical properties [1–6], in particular, on their stability
or size distribution, giving rise to most stable or magic sizes.
Ultrathin metal films are an example, where the confinement
perpendicular to the surfaces produces a one-dimensional
quantum well and the ensuing quantum well states (QWSs).
But in these systems electrons are free along the directions
parallel to the surfaces forming two-dimensional subbands.
Moreover, quantum size effects (QSEs) affect the layered
structures and are able to produce self-assembled structures on
surfaces. They play an important role in applications based
e.g. on the giant magnetoresistance [7] effect or magnetic
coupling in multilayer structures [2].

The importance of QWSs on the stability of metallic thin
layers, i.e. the electronic growth mode, has been proved on
the growth of metals on semiconductor or metallic substrates
by using scanning tunneling microscopy (STM) [8], helium-
atom scattering [9–11] or surface x-ray diffraction [11, 12].
For example, under proper conditions Pb islands of preferred
heights with a double monolayer (ML) periodicity, called

‘magic islands’, grow on Cu(111) [8] or Si(111) surfaces [13].
In some cases the effect is quite dramatic, enabling the growth
of unusually stable films of magic thicknesses and uniformity
on atomic level. Besides the Pb overlayer, Ag deposited on
Fe(100) shows the electronic growth mode with films of 1, 2
and 5 ML thickness proved especially stable [14].

In the above-mentioned overlayer systems the electron
confinement is due to a reflecting barrier at the interface
caused by the gap in the substrate band structure projected
onto the plane parallel to the interface, and the vacuum
barrier. In a previous publication [15] we demonstrated the
importance of describing correctly the substrate energy gap, in
order to explain quantitatively the existence of magic heights.
In practice we introduced a one-dimensional pseudopotential
model [16] which contained the key characteristics of the band
structure for the direction perpendicular to the interface and
allowed us to reproduce with great accuracy the occurrence
of magic heights in Pb islands on Cu(111) measured in the
experiments by Otero et al [8]. Strain relief or lattice mismatch
effects can affect drastically the shape evolution of the islands
in the early stages of island growth, but they are out of the
scope of the present study [17, 18].

Even in the absence of a confining energy gap, quantum
well behavior has been reported for metal films absorbed on

0953-8984/08/315002+08$30.00 © 2008 IOP Publishing Ltd Printed in the UK1

http://dx.doi.org/10.1088/0953-8984/20/31/315002
mailto:nerea.zabala@ehu.es
http://stacks.iop.org/JPhysCM/20/315002


J. Phys.: Condens. Matter 20 (2008) 315002 E Ogando et al

a substrate; an example is Na on Al(111) [19–21]. States
extending over the whole system display resonant character,
so they are called quantum well resonances (QWRs). These
states have been measured in photoemission spectra. Indeed,
due to the large effective potential step between overlayer and
substrate (the average effective potential is lower in Al), the
character of electrons when moving in the Na region clearly
differs from that in the substrate. Very recently, Altman [22]
has studied Ag films on W(110) using low energy electron
microscopy. He reported that quantum well resonances above
the vacuum level play an important role and that the resonances
are very sensitive to the film thickness.

In this paper we perform self-consistent DFT (density
functional theory) calculations using a one-dimensional
effective potential for the whole overlayer–substrate system.
First we go through the case of Pb/Cu(111), for which the
quantitative comparison with the experimentally measured
magic islands heights [15] was published elsewhere. For
Pb/Cu(111) both QWSs and QWRs exist but the stability is
determined by QWSs close to the Fermi level, at the energy
range of the Cu(111) band gap [15]. Later on, in systems which
do not present QWSs, such as Na/Al(111), we explore the
possibility of stabilization determined by QWRs sinking below
the Fermi level as the slab thickness increases. We study the
importance of the presence of a gap in the electronic structure
of the substrate by comparing the oscillations of the surface
energy of different overlayers, with different substrate band
structures. For comparison, we provide a general analytical
description of the energy oscillations for all the overlayers
studied. Finally we explore the role of the potential step at
the overlayer/substrate interface.

2. Electronic structure

The present calculations are performed in the framework
of DFT [23] within the local density approximation (LDA)
[24, 25]. We consider infinitely-extended films with perfect
translational invariance, i.e. a homogeneous free electron
gas, along the surface (the xy plane). The method used
for the modeling of the metallic overlayers was presented
in [16] and illustrated for Pb layers grown on Cu(111). A
one-dimensional pseudopotential is constructed for the whole
system, which contains the essential features for the strength of
the confining barriers at the overlayer, accounting correctly for
the energy gap of the Cu(111) substrate and using a stabilized
jellium model [26, 27] for the overlayer. For the Na/Al(100)
system we follow the same method to construct the one-
dimensional pseudopotential which varies along the z direction
(perpendicular to the surfaces) and accounts properly for the
width of the energy gap of the substrate and its position with
respect to the Fermi level [28]. For the Al(111) substrate,
due to its free electron character (its energy gap is negligible
for our calculations), we have used simply the stabilized
jellium model. The effective potentials used to model the Na
overlayers on both substrates are shown in figure 1.

Then, the Kohn–Sham equations are solved numerically
only in the z direction (a one-dimensional problem) using
the effective one-dimensional potentials described above.

Figure 1. Effective potentials (continuous lines) used to model the
Na/Al(100) (a) and Na/Al(111) (b) overlayers as a function of the
distance to the Na/Al interface. The Hartree and exchange
correlation (XC) contributions are shown as dashed and
dashed–dotted lines, respectively. The short dashed line in (a)
corresponds to the pseudopotential used for Al(100) and the
stabilization term in Na. The later stabilizes the jellium at a given
density against expansion or shrinkage. In (b) the short-dashed line
corresponds to stabilization terms for Al and Na. For Na it is quite
negligible. In (a) the vertical two-headed arrow corresponds to the
Al(100) gap close to the Fermi level, given by the horizontal line.

The equations are discretized in a regular one-dimensional
mesh and solved with the Rayleigh quotient multigrid
method [29, 30], implemented in the real-space MIKA
package [31] for electronic structure calculations. Hence,
single-particle wavefunctions take the form

�(r) = ψn(z)e
ik‖·r‖ , (1)

where ψn(z) is the wavefunction perpendicular to the surface,
and plane waves are used parallel to the surface. In practice,
our computational system is a finite slab of substrate material
(comprising 25 Cu(111) layers) covered on both sides by the
overlayer. The energy eigenvalue spectrum is then discrete
but, as seen in figure 3 below, the resonance states can be
recognized in the density of states because the resonance
width is clearly larger than the separations between the energy
eigenvalues. For further technical details, see Ogando et al
[16].
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Figure 2. Comparing results for the free-standing Pb slab ((a), (b), (c)) and Pb overlayers on Cu(111) ((d),(e), (f)) as a function of the Pb layer
thickness. ((a), (d)) Charge transfer out of the Pb layer, ((b), (e)) Fermi level (solid lines) and the evolution of the QWSs energies (dotted
lines) and ((c), (f)) total energy oscillations and different contributions (kinetic, exchange–correlation, and stabilization term). The curves
have been vertically shifted. Vertical dashed lines are to guide the eye.

Computationally, the stability of the overlayers can be
understood in terms of the surface energy, which has local
minima corresponding to the most stable thicknesses [15].
The total energy of the system can be separated in different
contributions, Etotal = Eoverlayer + Esubstrate + Einterface +
Esurface, where Esubstrate and Eoverlayer are calculated by using
the bulk energies corresponding to the substrate and overlayer
metals, respectively. For the free-standing systems, Esubstrate =
Einterface = 0. The sum of the interface and surface energies,
Einterface + Esurface, contains the oscillating part of the total
energy.

3. Energy oscillations

To illustrate the origin of the energy oscillations, we first
show in section 3.1 the contributions for free-standing Pb slabs
and Pb overlayers supported on the Cu(111) substrate. In
both cases energy oscillations are produced by QWSs. We
have chosen the high electronic-density metal Pb because the
oscillations in the contributions to the total energy are clearly
visible. Then, in section 3.2 the electronic growth mode

triggered by QWRs is analyzed by comparing systems with
QWSs (Na overlayers on Cu(111)) and systems with QWRs
(Na overlayers on Al(100) and Al(111)).

3.1. The role of QWSs: Pb/Cu(111)

We compare in figure 2 the results for free-standing Pb slabs
(left) and Pb overlayer on Cu(111) (right) as a function of
the slab or overlayer thickness. Figures 2(a) and (d) give
the charge transfer out from Pb, i.e., the integrated electron
density per unit area in vacuum and, for figure 2(d), also into
the Cu substrate. Figures 2(b) and (e) show the behavior
of the Fermi levels. The solid thick lines in figures 2(c)
and (f) display the oscillations of the total energy and its
different components. The oscillations are regular and their
wavelength (3.77 a0) is one half of the Fermi wavelength. For
the free-standing Pb slabs figure 2(c) shows the contributions
of both surfaces and for the Pb/Cu(111) system figure 2(f)
includes the contributions of the Pb/vacuum surface and
the Pb/Cu interface. The energy oscillations have been
decomposed into the kinetic, Hartree, exchange–correlation

3
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Figure 3. Integrated local density of states (ILDOS) for 4 ML Pb on
Cu(111) and 4 ML Na on Al(111). The horizontal lines mark the
energy eigenvalues. In (a) the gray areas denote the regions where
QWSs appear. In (b) only resonances are present. Energies are given
with respect to the vacuum level. The integration has been performed
from the vacuum–overlayer surface to a depth of 11a0 inside the
overlayer.

and stabilization (originating from the stabilized Pb potential)
energies. For the Pb/Cu(111) system there is, in addition, the
term corresponding to the Cu(111) pseudopotential.

We notice in figure 2 that the kinetic energy and the Fermi
level show a peak when a QWS band starts to be populated.
The oscillations in the kinetic energy happen because the
lately occupied QWS band sinks, at first decreasing the kinetic
energy. Subsequently the kinetic energy increases as a function
of the film thickness due to the increased occupation of the
parabolic subband until a new QWS band crosses the Fermi
level.

The mechanism described above contributes only with
a few meV to the Fermi level oscillations, which have an
amplitude of about 1 eV. As stated by Schulte [32], the main
component of the Fermi level oscillations arises because new
QWSs below the Fermi level are weakly bound and their
charge spills out of the film. The filling of these states increases
the dipolar barrier pushing down the Fermi level. But when
the last occupied QWS is strongly bound, the charge spilling
and the surface dipole barrier reduce, raising the Fermi level,

until the next QWS crosses the Fermi level. This is proved
by comparing the Fermi level oscillations (figure 2(b)) and the
charge per unit area transferred outside the edges of the jellium
slab (figure 2(a)).

The different components of the energy in figures 2(c)
and (f) reveal several trends. There is a direct correspondence
between the charge transfer and the energy components
corresponding to the potential terms: the larger is the charge
transfer out of the slab or overlayer, where the potentials are
lower, the larger are the potential energy components. In
comparison with the free-standing Pb slab the Pb/Cu(111)
system shows a strong reduction in the amplitude of the kinetic
energy oscillations. This is related to the penetration of the
wavefunction inside the Cu(111) substrate. The substrate also
causes a new term arising from the electron–pseudopotential
interaction.

We compare further results of the free-standing Pb slab
and Pb/Cu(111) system. As expected, the charge transfers at
the Pb–vacuum surface in figures 2(a) and (d) are similar, in
absolute value and also in the amplitude of the oscillations (the
small difference arises because, for computational reasons, the
positive charge background surface-edge is smoothed, and the
smoothing is slightly different in the two systems). The similar
charge transfers toward vacuum lead to similar oscillations in
the Fermi level in the two systems as well. The magnitude
and oscillations of the charge transfer across the interface
are much smaller than towards the vacuum. The smaller
charge transfer oscillations together with the smaller average
potential difference across the interface reduces remarkably the
oscillations in the potential energy terms. In fact, comparing
figures 2(c) and (f), the oscillations in the potential energy
terms are mainly due to the Pb–vacuum surface contribution
(the oscillations in the potential curves in figure 2(f) are
approximately one half of the curves in figure 2(c), which
contains the effects of two Pb–vacuum surfaces). Nevertheless
the oscillations of the total energy are quite similar for the
free-standing and supported systems, even though there is a
reduction in the amplitude of its components.

Therefore, for both cases, Pb and Pb/Cu(111), it is not
straightforward to deduce the shape of the energy curve from
simple models. For example, the square infinite potential
model includes only the kinetic energy term and it does not
reflect the same oscillatory behavior of the total energy. Zhang
et al [33] proposed a simple model that includes quantum
confinement and charge spilling to calculate the energy of thin
metallic films on semiconductor substrates. They calculated
the kinetic energy term and the Fermi level with a square
potential barrier of finite height at the surface and infinite
height at the interface. The Hartree energy was evaluated
using a classical capacitor to model the dipolar barrier at
the interface, produced by the difference between the film
and substrate Fermi levels and the ensuing charge transfer.
This model reproduces qualitatively the results obtained self-
consistently for Pb on a metallic substrate.

However, figure 2 shows that the Hartree contribution
to the total energy at the film–substrate barrier is very small
(it comes mainly from the Pb–vacuum surface). Our results
point out that the Hartree term is only one of the components
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and not the most important one. Besides, the bare infinite
and/or finite potential barriers do not describe correctly the
confinement of the wavefunctions either at the interface or
at the surface. Therefore, although simple analytical models
qualitatively describe the energy oscillations, their quantitative
applicability [34, 33] should be carefully checked. We notice
that our results describe unsupported slabs or slabs on metallic
substrates. The appropriate description on semiconductors
may be more difficult. Figure 2 shows that when a state crosses
the Fermi level there is an inflexion in the energy curve.

3.2. The role of QWSs and QWRs: Pb/Cu(111), Na/Al(111)
and Na/Al(100)

After the above analysis of QWSs we will focus on the
behavior of QWRs, by studying the energy oscillations and
their origin in different overlayers. But before, we compare
the local density of states in Pb/Cu(111) and Na/Al(111)
systems. Figure 3(a) shows the integrated local density of
states (ILDOS) for 4 ML of Pb on Cu(111). The integration
has been performed over the outermost 2 Pb ML with the
total thickness of about 11 a0. This thickness corresponds
approximately to the electron emission depth in photoemission
experiments. The LDOS itself is obtained by substituting
the discrete eigenenergies by Lorentzian peaks with a width
(FWHM) of 0.5 eV and weighting them by the local probability
amplitudes of the states in question. The horizontal bars
mark the eigenenergies, the gray areas show the regions where
QWSs appear and the dark gray area corresponds to the energy
gap of Cu(111) confining electrons in the overlayer. The light
gray area, of minor importance because it is well below the
Fermi level, is due to the different depths of the average Pb
and Cu(111) potentials (the average potential is about 2 eV
lower in Pb than in Cu(111)) [16, 15]. Notice that the ILDOS
has sharp peaks corresponding to the QWSs. Furthermore,
there are wider peaks in the continuous band region, which
correspond to QWRs. Although there are no confined QWSs
in this energy range, there are QWRs due to the potential step
between Pb and Cu.

The QWRs have been recently measured for this
system [35]. The clear character of the photoemission peaks
leads the authors to state that ‘these are not broadened enough
to be classified as mere resonances’. Nevertheless, if one has a
look at our figure 3 for 4 ML of Pb/Cu(111) we can distinguish
the resonant origin of those peaks, because they are formed by
several eigenstates. From the ILDOS (integrated over a layer of
11 a0) calculated for the 20 ML Pb/Cu(111) system (as in the
experiments) and plotted in figure 4, it is not straightforward
to distinguish between QWR and QWS just by looking at the
peaks.

If the Cu substrate is modeled just with the stabilized
jellium model the Cu(111) energy band gap and ensuing QWSs
disappear and QWRs emerge in the whole energy range. The
total energy also shows oscillations in this case, but their
amplitude is smaller than in our modeling [16, 15] in which
QWSs are present. The amplitude of QWR oscillations at 5 ML
of Pb on Cu(jellium) is similar to the amplitude at 20 ML of
Pb on Cu(111). The jellium model is not adequate for the

Figure 4. Integrated local density of states (ILDOS) for 20 ML Pb
on Cu(111). The horizontal lines mark the energy eigenvalues and
the integration has been performed from the vacuum–overlayer
surface to a depth of 11a0 inside the overlayer.

description of the QSEs in Cu substrates, but this comparison
allows us to state that the resonances produced by a small Cu–
Pb step (2 eV) are strong enough to produce magic islands of
thicknesses of a few ML.

Figure 3(b) shows ILDOS for 4 ML of Na on the Al(111)
substrate described by stabilized jellium. This model can be
used to describe the substrate in this case because, as we
pointed out in the introduction, Al(111) has a gap but it is very
narrow and well below the Fermi level. In this case the discrete
energy levels have been substituted with Lorentzians of 0.6 eV
width (FWHM). The jellium Al(111) substrate does not have
an energy gap, so the peaks correspond only to resonant states.

In figure 5 the energy oscillations for Na on different
substrates are shown as a function of the Na overlayer
thickness. The points corresponding to integer numbers of Na
ML have been marked by open circles (we chose the (111)
direction but another direction does not alter the conclusions).
For the Na/Cu(111) system the energy oscillations are mainly
produced by QWSs crossing the Fermi level, while for
Na/Al(100) and Na/Al(111) they are produced by QWRs. In
the (100) direction aluminum has an energy gap from −1.15
to −2.83 eV with respect to the Fermi level, as it has been
marked in figure 1. This energy gap, quite close to the Fermi
level, increases the reflectivity of the Al substrate and the effect
of resonances is stronger than in the case of Al(111) substrate.
These differences in the substrate band structure explain
the reduction of the oscillation amplitude from Na/Cu(111)
through Na/Al(100) to Na/Al(111). Anyway, the amplitude of
the oscillations for 5 ML coverage of the overlayer Na/Al(100),
which has QWRs, is of the same magnitude as for the higher
coverage of 8 ML in the overlayer Na/Cu(111), which has
QWSs. The oscillations for Na/Al(111) are weaker and
at 5 ML of Na they have the same strength as those for
Na/Cu(111) at 11 ML of Na. To our knowledge, there are no
works aimed at measuring magic islands or slab heights during
the growth of Na. Nevertheless, by comparing the amplitudes
of the energy oscillations in figure 6 and knowing that magic
height islands have been found up to 35 ML of Pb on Cu(111),
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Figure 5. Oscillating part of the total energy per surface area for
(a) Na/Cu(111), (b) Na/Al(100) and (c) Na/Al(111). The continuous
lines are as a function of the continuous Na jellium thickness. The
dashed lines connect the values corresponding to completed
monolayers (ML) of thickness d = 5.81a0.

it should be possible that Na on Al forms islands or overlayers
of enhanced stability due to QWRs.

The resonances are produced by the differences in
the average potential depths between the substrate and the
overlayer, but they are affected by the presence of an energy
gap in the substrate. For Na/Al overlayers the potential is
deeper in Al than in Na. Furthermore, for Na/Al(100) the
resonances are enhanced with respect to Na/Al(111), due to
the presence of an energy band gap close to the Fermi level
in the Al(100) substrate. Other effects that may change the
reflectivity at the interface, e.g. the lattice parameter mismatch,
intermixing and disorder are not taken into account in our
model. For instance, Stampfl et al [36] showed that Na
can adsorb substitutionally into the first layer of Al(111) or

Figure 6. Damping of the amplitude of the energy oscillations for
Pb/Cu(111), Na/Cu(111), Na/Al(100) and Na/Al(111). Each dot
represents a maximum in the absolute value of the energy oscillation
(e.g. see figure 5). The lines are fits using equation (3).

Al(100). This would change the reflectivity at the Al/Na
interface but, as we have pointed out, the contribution of this
interface to the dependence of the energy on the thickness is
expected to be less important than the contribution of the Al–
vacuum surface.

4. Analytical description of the energy oscillations

As we have seen, the energy of the overlayers has a decreasing
oscillatory behavior which can be described approximately
with simple sine-like functions. Here we use a general
formula to describe analytically the positions of the minima
and the decreasing of the amplitude of the energy oscillations
calculated self-consistently with the models described above
for different overlayer–substrate systems, i.e.,

Eosc(d) = F(d) sin[2kF(d + δ0)]. (2)

Above, d is the film thickness and δ0 is a phase, taking
into account the confining properties of the substrate and
surface and which can be experimentally determined; kF is
the Fermi wavevector of the overlayer. The function F(d)
is given later on. d ′ = d + δ0 is the effective width which
confines the electrons at the Fermi level. With this formula
we reproduce correctly the positions of the energy minima and
maxima calculated self-consistently with our one-dimensional
modeling of the overlayers.

The decay of the energy oscillations produced by the QSEs
has been described with a d−α law in different works, with
α in the range of 1–2 [12, 37, 38]. For example, Czoschke
et al [12] quote α = 0.938 to fit the oscillations measured in
Pb/Si(111) film nanostructures. To obtain the amplitude decay
of the energy oscillations calculated with our model, we have
taken their absolute values. The maxima obtained have been
plotted in figure 6 for several systems, including Pb and Na
overlayers on different substrates. A very good simple fitting

6
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is obtained in all cases with an inverse square decay, i.e.,

F(d) = A

(d + δ1)2
, (3)

where (d + δ1) represents an effective width. The values
obtained for δ1 and δ0 are not exactly the same, although they
are of the same order in magnitude. On the other hand, we
would like to notice also that this α = 2 decreasing law
has been found to govern the exchange coupling in magnetic
multilayers [39, 40]. The different values of α obtained in other
works are probably due to the omission of δ1 in the function or
considering the same value for δ0 and δ1.

Equation (2) provides an analytical description of the
energy oscillations obtained from more sophisticated self-
consistent calculations or measured experimentally, clearly
improving previous formulas used in the literature [12, 37, 38].
We want to stress that this simple analytical expression is
enough to describe the experiments or the results of more
sophisticated calculations. However, in the model we have
used, the parameters involved must be carefully chosen and
checked when a quantitative agreement is required.

5. The potential step at the overlayer/substrate
interface

As we have pointed out, the step of the potential at the interface
overlayer–substrate is a key characteristic for the existence of
resonances. To study the role of this step we have solved
the analytical problem of the square potential shown in the
insets of figure 7. A positive (negative) value of the Fermi
energy difference between the overlayer and the substrate
� = Eo − Es means that the overlayer potential is deeper
(shallower) than the substrate potential, corresponding to the
sketch in figure 7(a) (figure 7(b)). Figure 7(b) could be a naive
description of Na/Al overlayers.

The wavefunctions, ignoring the motion parallel to the
surface, are ψk(z) = Ak sin(kz) in the overlayer and the non-
decaying waves are given by ψχ(z) = Bχ sin(χz + φ) in the
substrate, where φ is a phase. The corresponding energies
are Eo = h̄2k2/2me and Es = h̄2χ2/2me. By using the
matching conditions and by integrating the wavefunction over
the overlayer we obtain for the ILDOS

ILDOS(Eo) = |Bχ |2
sin2(kd)+ Eo

Es
cos2(kd)

(
d

2
− sin(2kd)

4k

)
,

(4)
where d is the overlayer thickness. The fraction term in the
front of the right-hand side is the amplitude |Ak |2 and the term
in parenthesis, of less importance, results from the integration
over the overlayer. Figure 7 shows the ILDOS as a function
Eo for different potential steps �. For � > 0 the ILDOS
is cut at the transition to the QWSs energy region, where the
ILDOS is given as a sum of delta functions. For � < 0
(Eo/Es < 1) the resonance peaks occur approximately when
sin(kd) = 0, i.e., the wavefunction has a node at the interface.
The minima occur when cos(kd) = 0. For� > 0 (Eo/Es > 1)
the resonance peaks occur approximately at cos(kd) = 0,
so that the wavefunction has an antinode at the interface and

Figure 7. ILDOS (equation (4)) as a function of the energy Eo for
the model systems shown in the insets and by using different values
of the potential step �. The origin of energy is at the bottom of the
overlayer potential.

local scattering at the interface has stronger effects on the
wavefunction [4] (in analogy to classical physics example of
putting a finger at the antinode of a vibrating string).

The ratio between the ILDOS maxima and minima is
Es/Eo and the strength of the oscillations decreases strongly as
a function of the energy (notice the vertical logarithmic scale).
As expected, higher potential steps lead to stronger ILDOS
oscillations. Therefore, systems with very different substrate
and overlayer electron densities will show the clearest magic
height selection due to resonances.

6. Conclusions

We have analyzed the stability and existence of magic heights
of metallic overlayers by calculating the energy oscillations as
a function of the number of monolayers. We have performed
self-consistent calculations using a one-dimensional effective
potential for the whole overlayer–substrate system, which
gives a good description of the confinement barriers at the
overlayer–vacuum surface and overlayer–substrate interface,
including the effects of possible energy gaps of the substrate.

The results show that the main contribution to the
oscillations arises from the vacuum–overlayer surface, whereas

7
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the interface contribution is smaller. This difference is directly
related to distinct strengths of the charge-spill-out oscillations.
The boundary with the substrate has a smaller contribution to
the energy oscillations, in comparison to that of the vacuum–
overlayer surface.

We have provided a general analytical description for the
decay of the oscillations with the overlayer coverage in all the
systems studied, as an inverse square law.

The roles of QWSs and QWRs have been analyzed by
comparing the ILDOS and energy oscillations in Pb/Cu(111),
which has QWSs due to the existence of a confining gap at
the Fermi level, and Na/Al(111) and Al(100), where there
are only QWRs. We have proved that, in the latter case, the
electronic growth mode of ultrathin films can be triggered by
QWRs. The calculations also show that the presence of a
substrate energy gap close to the Fermi level, as in the case
of Na/Al(100), increases the reflectivity and the amplitude of
the energy oscillations.

We want to notice some aspects that increase the strength
of the effect of the QWRs. In the studied system (Na on
Al) when selecting an integer number of monolayers the
evolution of the energy curve is very smooth (figure 5) and
this complicates the appearance of magic islands. Thin films
of high electron-density metals show stronger variations in the
energy as a function of the number of monolayers [15]. For
example, the Na on Al system has approximately the same
resonant character as Al on Na, but for the latter the energy
changes from a minimum to a maximum, or vice versa, within
just three monolayers. In this work we do not consider other
interface scattering sources such as lattice parameter mismatch
or disorder, which increase the reflectivity of the interface
enhancing the QWRs.

On the other hand, a second quantum beating has been
predicted for Pb thin films [41]. This re-entrance of QSEs
recovers the amplitude of the energy oscillations and suggests
that magic islands can be produced at higher thicknesses than
currently measured. Thereby the argument that QWRs are able
to determine magic islands is reinforced.
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